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The development of approaches and methods for the mathematical
description of nonequilibrium processes of various physical nature in artificial and
natural objects is driven by the need to create effective methods and estimates for
predicting the distribution of technogenic pollution in the environment, controlling
the quality of drinking water and improving its purification on an industrial scale,
as well as evaluating the impact of aggressive substance diffusion on the reliability
and durability of structures [3, 8, 11]. Such researches enable accurate predictions of
environmental changes in the environment and promptly implement measures to
minimize their negative consequences [12].

However, due to the complexity of the processes and the lack of relevant
research, imposing correct boundary conditions on the boundaries often proves to
be problematic, even in general cases.

In the paper [4], the solution of the parabolic initial-boundary value problem
was statistically investigated using linear regression constructed from
experimental data at the lower boundary of the layer, reliable intervals and two-
sided critical regions were obtained for both linear regression and the solution of
the initial-boundary value problem.

This paper investigates a parabolic initial-boundary value problem that
models transport processes, such as heat, mass, and charge transfer, in a layer
where experimental data for the sought function are provided on one of the
boundaries A regression model is constructed based on this sample, based on
which, using a finite integral Fourier transform, the solution of the initial-boundary
value problem is found, which is then specified for eight types of regressions.

We consider a physical process that occurrs in a layer of thickness X;, which

is described by a parabolic differential equation [2]
ow(T,x) _ o o%w(z, X)

ot ox?

: (M

where:
wW(t, X) /s the sought function, B is the constant coefficient, © is time, x is the spatial

coordinate.

Let the sought function is equal to zero at the initial moment of time:
w(t,x)| _, =0. 2)
For 1> 0, a constant source acts on the upper surface of the layer:
w(t, X)|,_, = Wx = const. (3)
At the lower boundary of the layer the experimental values of the function
W(T, X) are known at specific time moments N (Table1).
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Table 1
Experimental data on the sought function at the lower boundary of the layer
T Tl Tz Ti Tn
w(r)|, Wz, W(z,), LW, L W),

If a regression model is constructed based on the experimental data from
Table 1, then the boundary condition on the body surface X = X, will take the form

w(r, X)‘X:X0 =F (7). (4)

In the following, we limit ourselves to the case T €[0,1,].

To construct the solution of the initial-boundary value problem (7)-(4), we first
reduce it to a problem with zero boundary conditions. For this purpose, we use the
substitution:

v(t, X) = W(t, X) - w,{l—ij _F) X )
Xo Xo
Then we get the following problem
2
ov(t, X) N oF (t) X _B 0 v(z, X) -
ot ot X OX
with initial condition:
X X
v(r, x)\T:0 = —W{l— —J -F (r)\T:0 — (7)
Xo Xo
and zero boundary conditions :
v(t,x)|,_, =V(t, x)\X:XO =0. (8)
Let us apply the finite integral Fourier transform to the initial-boundary value
problem (6)-(8) 0] (X = Yy =kn/%g,v(t,X) > V(1,Yy)) Then after
transformations we obtain
dv (r, - dF (1) (=)
( yk)+By|§V(T,yk): ( )( ) ' 9)
dt dt vy
~ 1
V(T Yo = v (W* + (—1)k+1F(T)1 : (10)
k =0

The solution of the ordinary differential equation (9)using integration by parts
is the following expression [5]
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~ A Byfr (_1) kit Byfr 2 Byfr
T(n,y ) =e ¥ K+ 72 (F(o)e®ic - BykJ-F(r)e de)l. m
k

We find the unknown constant K from the initial condition (70}

3 ok
K="",» (=) F (T)“r:0 —(-D° Bykj F (r)eByETdr
Yk Yk

and substitute it into the expression (7). Then we have

=0

k k
T(t,y) = (‘yl) F (D) —eBVf{%—z (‘yl) F (D)o +
k k k

+ (D)% By, j F(1)e®dr

k
_ED By? _[ F (r)eByETdr}‘ (12)
Yk

=0

After applying the inverse integral Fourier transform to the formula (72), we
obtain the solution of the initial-boundary value problem (6)-(8).

0 k=1 yk yk yk -

_ (—ylk)k By | F(T)eBykzrdT}in(YkX)'

After using the formula (5), we obtain the solution of the original initial-boundary
value problem (7)-(4)

w(r,x):w*[l—%]w(r)xi—xii

0 0 k=1

+(~1)* By, j F(1)e® " dr

=0

k k
{(‘1) F(1)+e [% 20 F )+
Yk Yk Yk -

— k 2
_GD By} j F(r)eBy”dr}Sin(ka)- (13)
Yk

Let us specify the obtained general solution (73)for various types of regression

+(~1)* By, j F(1)e®"dr

=0

function F(T) that are often found in mathematical statistics [6, 7, 9].

1°. Let the function F(T) be a linear regression, thatis F(t) =at+b, then we
have

k
e R
By Byi
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_(_1)k b— a |
=0 Byk BYk2 ’

(~D)k y, e B j F(7) eB de

W(t, X) = w{l—ij+(ar+b)———2{( D" (at+b) +
Xo Xo Xo'iol Yk
+eByf{%—ﬂ(2b+ar)}sin(ykx). (14)
Yo oo Yk

The asymptotes of the solution (74) have the form

WE (7, X) = w*£1—l]+(ar+b)—+—z( D" ac+b).
Xo Xo X0t Yk

2°. If we have the quadratic regression F(t) = at’ +bt+ P, then we get

_BvZe 2 (DX, (2at+b) 2a
D) y, e [ F(x) e dr=~"—| at’ +bt+ p- n ;
I B Byy  Byx

Yk
=% b 2a
D {p > T o2 4};

w(r, x):w,{l—xi]+(ar2 +bt+ p)i_ii{(_l)k (aTZ Lbr+ p)+

0 Xo  Xoigl Yk

e BN {% GON {ar +bt+2p- zi} sin(y, x).
Yo oo Yk By;

For the quadratic regression, the asymptotics of the solution of the initial-boundary
value problem can be written as follows

W (1,X) = W{l——} (a‘t +bt+ p)iigi
X0

R j F(t) e®" dr

Xo

3°. In the general case of polynomial regression F (1) = Zairi =P,(t) (Mis
i=0
degree of the polynomial) we get

Ky, a-Byir ByZt :(—1)k - (D' d ,
-D“ye IF(T)e dr By, g(syf)‘ 7P
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SRS J' F (1) ¥ dr

_ (D (Y
0 Dy, .Z(Dyk)

W(r,X)=W{1—iJ+zm:airii— Z[( Y Zar +e Byf{%—z(‘l)k ap +
Xg ) *“ Xo Xo =

k=1 Yk Yk
kMmoo i i
) Z ( 1)_ a (yl) Z = 1)) ;.P (r)}sm(ykx)
i Kk

For the given regression, the asymptotlcs of the solution of the initial-boundary
value problem are as follows:

w; (1,X) = W*(l——]'i-zaf —+£i Zm:
0 k=1 i=0
b

4°. In the case of inverse (hyperbolic) regression F (T) =a+—,we have:
T

. k
(~D)k y, e B j F (1) eB dr = ( 513/ A (~1)*by, Ei(By2T);
k

_(-D*a

=0 Y

w(t,x)=W*[1—1J+(a+9ji_ii{ﬂ(;ﬂ?}
Xo )X Xot=| Yk T

+eBy'3{%— ( D" Ilm(a+ j (D" A
T

N j F (1) eB de (1) by, Ei(0);

Yk Yk 90 Yk
ok : _(—1)ka K o2y |
+(-1)" bBy, Ei(0) 5 + (1) " bBy, Ei(Byg1) [sin(Y,X), (15)
Yk

where:

y
Ei(x)=vp J e—dy is an integral exponential function [1].
Note that the choice of hyperbolic regression contradicts the imposition of a
zero initial condition (2). Therefore, the boundary condition on the surface of the
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layer X =X, is written as an integral exponential function

0, =0
W(T, X)|

xx0

b .
F(t)=a+—, t>0
T
Then the expression for the sought function (75) is transformed to the form

ol T

Xo k=1 Yk

+eBVf{%— o (D" (a+ )+(_1)ka+(—l)kaykEi(0)—
Yk Yk T Yk
_(D'a

Yk

+(-1)*bBy, Ei(Byfr)}sin(yk X), ©>0.

In this case, the asymptotics of the solution of the initial-boundary value problem
take the form

W:(r,x)zw{l—x—);}+(a+bjx—);+—z( D" ( +—j, 1#0.

Xo k=1 Yk T

5°. In the case where the regression is exponential: F(t) =a+be”*, we obtain

2 2 _ K
(D e ¥ [P e¥ivae= 84 gy D
Yk p + Byg
2 2 _ k
(_1)|( yke—DykTIF(T) eBykT dT _ ( 1) a n (_1)k byk 7
=0 Yk p + By

st =1 Jfastem) - 23 O o)
Xo Xo X043

Yk
k
+eByg{&2 (1)

" " (a+b)+(-1)* pbBé';k (1 epf)}sm(ykx)

For the exponential regression model, the asymptotics of the solution are as follows

Wj(r,x)zw{l—x—);j (a+be‘”) Z( (a+bepf).

0 Okl
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6°. If F(r)=a+b/\/¥,then

2 2 _1)k 2
(D" Yke_Byij F(r)ePrdr=Da D) b, = e Berfi(y, /Br):
By B

_(DHa

=0 Byk

_ _X b \x 2% (_1)k[ Lj
w(t, X) W*[l X0J+(a+«/¥)xo Xoé[ " a+ﬁ +

2 — k 2
+ e‘Byk{% PN G T (a + Lj — (-1)*b/nB e ®¥"erfi(y, +/ Br)}sin( y, x) (16)
Yk Yk ™0 Jr

(—1)ky, e B% j F (1) e®%" dr

where:
2 X
2
erfi(x) = TJ.ey dy /s a probability integral with an imaginary argument 1].
T
0

For this case of choosing the regression form, it is also necessary to match
artificially the conditions at the initial time. Then the boundary condition on the

layer surface X = X will be written as follows

(%) 0, =0
w(t, X)|, _, =
% la+b/vt, t>0

and the expression for the sought function (76) will be transformed to the form
X b)x 2< (—1)k[ b j
w(t,X)=Wi|l—— |+ a+— |——— a+— |+
(e [ XOJ ( \Ej Xo Xo é{ Yk Jt

4+ e Bwr [‘)’/V_: ) (_ylk)k [a + \%j — (—1)k b~/ B e‘byfrerfi(yk \/B_’C):|Sin( Vi X) !

t>0.
The asymptotics of the solution of the initial-boundary value problem can be
presented in the form

sy —waf1- X bix, 2y <—1>k( Lj,
wa(r,x)_w{l XOJ+(a+\/;)XOiXOKZ_1: v a+\/;
7°.1f F(t) =a+bsin(pt), then we obtain

TG j F(t) ¥ dr =

(-Dka K by, 2 . .
+(-1)" ————————|Bygsin( pt) — pcos(pr) |
oy D Bzyhpz[yk (pt) — pcos(pr)]
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_ (-D¥a (-1 bpy, .
=0 By B2y + p?

Z[( D" (a+bsin(pt))+

Xo Xo kL Yk

(D" yie ™ [F(m) e dr

w(t, X) = c{l— XLJ +(a+bsin( pr))

0

, K
+e—ka{%_za( e 2P Ty ByZsing pr) — peos( pr)]}in(w)-
Yk Yk By +

For this case, the asymptotics of the solution of the initial-boundary value problem
are as follows:

Wi(r,x):c*(l—xij (a+bsm(pr) J_rgoo i ).
0

8°. In the case of F(t) =a-+bcos(prt), we have

ST j F(t) e dr =

(-D)*a « by, ) :
+(-1D)" ———=—|Bv: cos(pt)+ psin( pt ;
A Bzyhpz[yk (pt) + psin(p1)]

_ (_1)k a + (_l k bBylf .

_1)k e_Byff F(t eBykztdr
(=" yi j (1) 0 By, Bzyf+p2

w(t, X) = w,{l— XL] +(a+bcos(pr)) > - ii{(_l)k (a+bcos(pr))+

0 0o Xoial Yk

+e Byk{ ~2(a+b)C D,
Yk Yk

bByk
Yk

In this case, the asymptotics of the solution of the initial-boundary value problem
take the following form:

W, (T,X) = w{l—x—j (a+bcos(pr))—+—z( D" (a+bcos(pr))-

0 Xo X' Yk
Thus, the initial-boundary value problem for the parabolic partial differential
equation in a layer was formulated if experimental data of the sought function at
certain time moments were known on its lower boundary. First-type boundary
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conditions were specified at the initial time moment and on the upper surface of
the layer. The regression model of general form was constructed based on the
sample of experimental data. The solution of the parabolic initial-boundary value
problem was obtained using the finite integral Fourier transform. Formulas for
solving the initial-boundary value problem were obtained for linear, quadratic,
polynomial, hyperbolic, exponential and trigonometric regression models, as well

as for regression of the form F(‘C) = a+b/ﬁ. For the latter type of regression

model and for the hyperbolic regression, the boundary and initial conditions are
matched. Asymptotic expressions for the solution of the parabolic initial-boundary
value problem were provided for all the considered regression models, which are
convenient for the statistical evaluation of the obtained solution.
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